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Chapter 1
Rayleigh Wave in a Porothermoelastic
Solid Half-space

In this chapter, a problem on the Rayleigh wave at a traction free surface of a
generalized porothermoelastic solid half-space is considered. The governing equa-
tions of generalized porothermoelastcity are solved for surface wave solutions. The
general solutions satisfying the required radiation conditions are obtained in a half-
space of the material. These solutions satisfy the suitable boundary conditions at
the free surface of the half-space to obtain the secular equation for wave speed of
Rayleigh wave. The wave speed of Rayleigh wave is computed for relevant physical
constants of material to observe the effects of porosity, frequency, thermal relaxation
times, coefficients of thermal expansion and thermoelastic coupling.

1. INTRODUCTION

Linear poroelasticity has important applications in soils and rock materials satu-
rated by groundwater. Fluid-saturated porous materials permeated by groundwater
or oil are found on and below the surface of the earth. Water saturated ocean
sediments are considered as fluid-saturated porous materials. The theory of poroe-
lasticity was developed by Biot(1956a). A theoretical framework for isothermal wave
propagation in fluid-saturated elastic porous media was formulated by Biot (1956b,
1962) for both cases of high and low frequency ranges. Following Biot’s theory,
many authors have studied problems on propagation of plane and surface waves in

fluid-saturated porous materials. Notable among them are Jones (1961), Deresiewicz



and Rice (1962), Hajra and Mukhopadhyay (1982), Tajuddin (1984), Sharma and
Gogna (1991), Carcione (1996), Khalili et al. (1999), Berrymann (2005), Tajuddin
and Hussaini (2005), Lin et al. (2005), Albers and Wilmanski (2006), Wang et al.
(2006), Sharma (2007), Li, et al. (2007), Zyserman and Santos (2007) and Nakagawa
and Schoenberg (2007), Lo (2008), Sharma (2012), and many others.

The thermo-mechanical coupling in the poroelastic medium is more complex as
compared to classical case due to the fact that the thermal and mechanical coupling
occurs between the phases. The problems on wave propagation in saturated ther-
moelastic porous medium have useful applications in petroleum engineering, chem-
ical engineering, pavement engineering and nuclear waste management. Following
Biot (1956¢), many researchers including (Schiffman, 1971; Pecker and Dereziewicz,
1973; Mc Tigue, 1986; Coussy, 1989; Kurashige, 1989; Bear et al., 1992; Zhou et.
al., 1998; Ghassemi and Diek, 2002; Shrefler, 2002; Abousleiman and Ekbote, 2005;
Youssef, 2007, Singh, 2011, and Singh, 2013) have contributed various problems in
porothermoelastic medium.

The theory of poroelasticity by Biot (1956a, 1962) and the theory of generalized
thermoelasticity by Lord and Shulman (1967) inspired Youssef (2007) to develop a
generalized theory of porothermoelasticity. In this theory, Youssef (2007) considered
a homogeneous, isotropic, elastic matrix whose interstices are filled with a compress-
ible ideal liquid, where both the solid and liquid form continuous and interacting
regions and viscous stresses are neglected in the liquid. He assumed that the liquid
is capable of exerting a velocity-dependent friction force on the skeleton. This the-
ory was applied by Singh (2011) to show the existence of one shear and four kinds
of coupled longitudinal waves in a generalized porothermoelastic solid half-space.

Singh (2013) also studied the reflection phenomena in a generalized porothermoe-



lastic solid half-space, where the reflection coefficients as well as energy ratios of
reflected waves are obtained. In present chapter, the governing equations of gener-
alized porothermoelastcity are solved for surface wave solutions in a half-space. A
secular equation for wave speed of Rayleigh wave in the half-space is obtained. The
wave speed of Rayleigh wave is computed for a relevant material to show the effects
of porosity and various thermal parameters.

2. GOVERNING EQUATIONS

Following Youssef (2007), the linear governing equations of isotropic and homoge-
neous generalized porothermoelasticity in absence of body forces and heat sources,
are

(a) Constitutive equations
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(b) Equations of motion
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(c) Heat Equations

0 0?
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f f 9 f 0 s f
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where p/™; p*" are the density of the fluid and solid phases, 3 is the porosity of
the material, p/ = Bp’" are the density of the fluid phase per unit volume of the
bulk, p* = (1 — 8)p*" are the density of the solid phase per unit volume of the
bulk, p;; = p® — p12 are the mass coefficient of solid phase, pss = p/ — pio are the
mass coefficient of fluid phase, p12 is the dynamic coupling coefficient, wu;; U; are the
displacements of the skeleton and fluid phases, K*; K7 are the thermal conductivities
of the solid and fluid phases, 79*; 7o/ are the solid and fluid relaxation times, n*;n’
are the entropy for the solid and fluid phases, a®; a/ are the coefficients of thermal
expansion of solid and fluid phases, a*/; a/* are the thermoelastic coupling between
the phases, \; u; R; @, are the poroelastic coefficients, Ri1; Ryo; Ro1; Roo, J are the
mixed and thermal coefficients, Cp®; Cg’ are the specific heat at constant strain of
the phases, and p = p* + pf; Fiy = pCg®; Foo = pCr’; Fiy = Fyy = —JTy;

Ry = o’P+0al*Q; Ry =a’R+30%Q; Ry =alQ+a’P; Ry =3a°Q+a*R;

@S

To

state, T =T7 =1Ty.

O =T — Ty, (

<<1); of =1/ -1, (|%f| << 1); where, in the reference

Using the following Helmholtz’s representations
U =¢1° — Yo7, Uy = 2" + 17, (10)
U, = ¢,1f — ¢,2f, Uy = ¢,2f + @D,lf, (11)
in the equations (6) to (9), we obtain the following equations in x; — 5 plane,
A+ 20)(d 11" + h20°) + Q11T + d ') — R11O° — R120F = pr1de + prag (12)
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R(¢117 + ¢,22f) + Q(é11° + h22°) — Rp1©° — Rpp©f = P12 + P22<5f, (13)

K*(©11° + © 2°%)

ot 0 o

)(F11©° + F.07 + ToR11(p11° + ¢.22°) + TORQ1(¢,11f + ¢,22f), (14)
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p(,0° 4 29%) = pudh® + pradt, (16)

0= p1ath® + paoih?, (17)

3. SURFACE WAVE SOLUTIONS

We now consider a porothermoelastic half-space occupying the region x5 > 0
in the reference configuration with boundary x, = 0 and Rayleigh surface waves
propagating along the direction z;. The solutions of the equations (12) to (15) are

now sought in the form

{¢°, &', ©°, ©7} ={*(y), &' (y), ©°(y), & (y)}err=1, (18)

in which y = kx,, v is the phase speed, k is the wave number, ¢°, ¢f, ¢*, f, ©° 67
are functions of y.
With the help of equation (18), the equations (12) to (15) lead to the following

equation,
aog(D? —1)* — a1 (D* — 1)3C + ag(D* — 1)*¢* — az(D* — 1)¢* +as¢t =0, (19)

where D = d/dzy,( = v?, and the expressions for ag, ay, as,az and a4 are given in

Appendiz I. The equation (19) is also written as
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CL()D8 — (4@0 + CL1C)D6 + (6@0 + 3(1,1C + QQCQ)D4
—(4ag + 3a1¢ + 2a9¢* + a3¢®)D? + (ag + a1 + ax¢® + azC® + as¢*) =0, (20)

In particular case, if we put K°* = K/ = 0; R;; = Ris = Ry; = Ry = 0, the

equation (19) or (20) reduces to
51D4 + (SQ’U2 — QSl)DZ + (Sl — SQ’U2 + 53’214) = O, (21)

where

S1=A+2u)R— Q% Sy = (N+2u)pa2 + Rpi1 — 2Qpi12, Sz = p12> — pr1pas.

We require the following radiation conditions on ¢*, ¢/, ©%, ©f for x5 — oo
¢*(x2) = 0, ¢ (23) = 0, ©°(23) = 0, O (z3) =0, (22)

The general solutions ¢*(y), &/ (y), ©%(y), ©7(y), which satisfy the radiation con-

ditions (21)are

4 4
6" =" Aexp(siy), ¢ = GAexp(siy), (23)
=1 =1
B 4 . 4
0" = midiexp(sy), 67 = GAexp(siy), (24)
=1 =1

The expressions for &, 5, %, (1=1,2,.,4) are given in Appendix II.

Similarly, the general solutions 1*(y), 17 (y) of equations (16) and (17), which

satisfy radiation conditions ¥*(zs) — 0, ¥/ (25) — 0, as x5 — 0o are

V® = Beap(my), ¥ = xBexp(my), (25)

P11pP22 — P122

Hp22
4. BOUNDARY CONDITIONS

where m =1 — v? and Y = —p11/paz.



The suitable boundary conditions at free surface xo = 0 are vanishing of normal
stress of solid, tangential stress of solid, liquid stress per unit area, solid heat flux

and liquid heat flux

0° 067
o2 =0, 012207020787:0787:0; (26)
2 2
where,
2 13 82 s 82 s 82 f 52 f
7 = N+ O+ ) 5 QU 20— Rt — R

al‘l

61’12 8:1;22
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pr— 2 —
712 = i 0x102 + Ox12 8x22)’

62¢f 82¢f 82(255 aQ(bs
o= R( 8.1'12 + 85C22) + Q(8$12 + 83722

The solutions given by (23) to (25) satisfy the boundary conditions (26) and we

) — R10° — Ry06”.

obtain the following secular equation for Rayleigh wave
(14 m?)[s354(a1by — aghy)(n3Cs — 14C3) + s284(asby — arbs)(n26s — 1MaC2)

+5953(a1bs — asb1)(n2Cs — n32) + s184(azbs — agba)(NiCs — MuC1)
+5183(asby — azbs)(mCs — 13¢1) + s152(asbs — aabs)(mCa — 12¢1)] = 0, (27)

where

a; = (A+Q&)(s7 — 1) + 2us] — Rl — 312,%7 (i=1,2,.,4),

b= (Q+ RE)(s2— 1) — Roys — Rapss, (i =1,2,.,4).

5. RESULTS

The numerical values of the speed of Rayleigh wave is computed for the following
values of the relevant parameters at Ty = 27 °C'(Yew and Jogi, 1976),

Q = 0.99663 x 10'* dyne.cm™2, R = 0.07435 x 10'* dyne.cm~2,

A = 0.44363 x 10"* dyne.cm™2, pu = 0.2765 x 10'' dyne.cm™2,

pr=0.82 gmem™®, pFf =26 gmem 3, p;; = 0.002137 gm.cm ™,
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K* =04 cal.em™'s7'. °C™', K/ =0.3 cal.em s '.°C™1,

Cg® =21 calgm™'.°C™', Cp/ =19 cal.gm'.°C!,

The variation of the speed of Rayleigh wave is shown graphically in figure 1 against
the range 0 < B < 0.8 of porosity when w = 20Hz, 7° = 7/ = 0.005,0® = of =
ol = af* = 0.01. It has maximum value 23.3360 cm.s~! at 8 = 0.01. It decreases

Lat B = 0.13 and then it increases sharply to

very sharply to value 2.5825 c¢m.s™
value 18.6112 em.s™! at B = 0.30. Thereafter, it decreases sharply to its minimum
value 1.9220 em.s~! at 8 = 0.80. In absence of thermal effects, this variation reduces
to the variation shown by dashed line in figure 1.

The variation of the speed of Rayleigh wave is shown graphically in figure 2
against the range 2 < w < 200Hz of frequency when 8 = 0.25, 7,° = 7,/ =
0.005,0° = of = o*f = of* = 0.01. It has its maximum value 34.0043 cm.s™*

L at

at w = 2Hz. It decreases very sharply to its minimum value 4.2976 cm.s™
w = 23.6Hz and then it increases to value 13.3039 cm.s™! at w = 200H 2.

The variation of the speed of Rayleigh wave is shown graphically in figure 3
against the range 0 < 75° < 0.005s of thermal relaxation in solid when g = 0.25, w =
20Hz, 1/ = 0.005,0° = of = a®/ = of* = 0.01. It has its maximum value

L at

4.3850 em.s™' at 7° = 0. It decreases to its minimum value 4.3270 cm.s~
7o® = 0.005s. The variation of the speed of Rayleigh wave is shown graphically in
figure 4 against the range 0 < 75/ < 0.005s of thermal relaxation in fluid when
B=0.25 w=20Hz, 1°=0.005,0° =af =a’f =af* =0.01. It has its maximum
value 4.4902c¢m.st at 7of = 0. It decreases to its minimum value 4.3270 em.s~! at
7o/ = 0.005s.

The variation of the speed of Rayleigh wave is shown graphically in figure 5

against the range 0 < a® < 0.01 of coefficient of thermal expansion in solid when § =



0.25, w = 20Hz, 7o° = 7o/ = 0.005s,0/ = a*/ = a/* = 0.01. It has its minimum
value 3.7536 cm.s~! at a® = 0. It increases to its maximum value 4.3270 cm.s™!
at a® = 0.01. The variation of the speed of Rayleigh wave is shown graphically in
figure 6 against the range 0 < o/ < 0.01 of coefficient of thermal expansion in fluid
when B = 0.25, w = 20Hz, 79° = 7o/ = 0.005s,0° = a®/ = af* = 0.01. It has

Lat of = 0. Tt decreases to its minimum value

its maximum value 4.4003 cm.s™
4.3270 em.s™! at of = 0.01.

The variation of the speed of Rayleigh wave is shown graphically in figure 7
against the range 0.007 < a®/ < 0.01 of thermoelastic coupling in solid when 3 =
0.25, w = 20Hz, 70° = 7o/ = 0.005s,® = of = of* = 0.01. It has its maximum
value 4.5976 cm.s~* at o/ = 0.007. It decreases to its minimum value 4.3270 cm.s~!
at o*f = 0.01. The variation of the speed of Rayleigh wave is shown graphically in
figure 8 against the range 0 < of* < 0.01 of thermoelastic coupling in fluid when

B=0.25 w=20Hz 10° =1/ =0.005s,a* = af = a*/ =0.01. It has its minimum

1 1

value 4.2512 cm.s~! at of* = 0. It increases to its maximum value 4.3270 cm.s~
at of* = 0.01.
6. CONCLUSIONS

The theory of generalized porothermoelasticity is applied to study the Rayleigh wave
on a thermally insulated stress free surface of a solid half-space. These theoretical
and numerical results may be useful in the detection and study of underground
layers of porous solids saturated with oil or groundwater. Water-saturated porous
medium can be a more realistic seismic model for oceanic bed. At the ocean bottom,
lithosphere is formed by upwelling of hot material at ridges which spreads around

and cools with time. The evidences for thermal-mechanical processes that control

the formation and evolution of thermoelastic lithosphere below oceans are provided



by the seismological observations. Therefore, the applications of this theoretical
and numerical study are geophysical, for example, for the exploration of the oceanic
crust, structural engineering or to hydrocarbon/geothermal processes.
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APPENDIX 1.

The expressions for ag, a1, as,as and ay are given as

a0 = K*KI[(A+ 20)R — Q7),

ay = —K3[Foo{(A + 2u) R — Q%} + To{(A 4 21) Rpo® + RR15* — 2QR15 Ry }]
KT {(N+21)R — Q?} + To{(A 4+ 21)Ro1> + RR11* — 2QR11 Rot }]

—KSKI[(A 4 2u) paz + Rp11 — 2Qp1a),

ag = (Fi1Foy — FioFp) [(A420) R— Q2|+ (K* Fag+ KT Fyy) [(A-24) paz + Rp11 — 2Q p12)]
+ K To(p11Ras” + pasRis® — 2p1aRisRas) + K To(p1iRar® + paaRit® — 2p1aRii Roy)
+ KK (p11p2 — p12?) + To*(Rin Raz — R12321)2

+To[(A + 2p){ Ror* Faz + Ray®Fiy — Roy Roo(Fia + F)}

+Q{(Fi2 + Fan ) (Ri1 Roo + RiaRo1) — 2R11 Ryt Foy — 2Ry Rop F11 }

+R{R11*F3 + Ri2°Fi1 — R Ri2(Fi2 + Fa)}],

ag = (FraFor — FiifFh)[(A + 2p)pa2 + Rpin — 2Qp12)

+(p12® — pr1paz) (K Fay + KT Fyy)

+To[Fi1 (22 R1a Ry — pr1Ras® — paaR1s?)

+(F12 + F21)(P22R11-R12 + p11Ra1 Rao — p1aR12Roy — planRQQ)

+F(2p12R11 Ry — PQ2R112 - ,0113212)]7

ay = (pupzz - 0122)(F11F22 - F12F21)7
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_ s _ ; . A . .
where, K* = £ and Kf:f%, ™ =1+, =5l 4L

Ts*

APPENDIX II.

The expressions for &;, 4, %, (1=1,2,.,4) are given as

(R12qi — Roops) + (Ri1Rap — Ro1 Ri2) 75
Ra22q; — Raar

&=

Y

o fi(@} — piri) — g(Ra2q;i — Riory)
k*  fi(Ra1gi — Ruiri) — ei(Raaqi — Riary)’

g _ 61'((]12 —Pﬂ“i) - 9(321%‘ - Rlﬂ’z’)
k2 61'(3226]@' - 3127”1') - fi(R21qi - Rllri)’
where

pi = puv? + (A +2u)(s7 — 1), ¢ = p12v® + Q(s7 — 1), i = [paav® + R(s7 — 1),

e; = T Ty Rao[ K5 (s — 1) + 702 Fy1] — 77 Ty Ry Fo1 0,

fi = =1 ToRa [KT(s? — 1) + 7%/ 02 Fos] + 77" Ty Rog F190?,

g = 77 Tov (R1aRay — Ri1 Ron).
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Chapter 2
On Rayleigh wave in a generalized
porothermoelastic solid half-space

In this chapter, the governing equations of generalized porothermoelasticity are
formulated in context of Green and Naghdi theory of thermoelasticity without energy
dissipation. A problem on Rayleigh type surface in a generalized porothermoelas-
tic solid half-space is considered. The governing equations are solved for particular
surface wave solutions satisfying required radiation conditions in the half-space. A
secular equation for Rayleigh wave speed is derived after applying these solutions to
relevant boundary conditions at stress free thermally insulated surface of half-space.
The Rayleigh wave speed is computed for relevant physical constants of material
and plotted against various material parameters to observe the effects of porosity,
coefficients of thermal expansion, coefficients of thermoelastic coupling and charac-

teristics of solid and fluid phases.

1. INTRODUCTION

Linear poroelasticity has important applications in soils and rock materials satu-
rated by groundwater. Fluid-saturated porous materials permeated by groundwater
or oil are found on and below the surface of the earth. Water saturated ocean
sediments are considered as fluid-saturated porous materials. Biot (1956a) gave
the theory of fluid-saturated porous materials. Biot (1956b, 1962) also formulated

a theoretical framework for isothermal wave propagation in fluid-saturated elastic



porous media for high and low frequency ranges. Many authors followed the Biot’s

theory and studied various problems on propagation of plane and surface waves in

Wang et al. (2006), Sharma (2007), Li, et al. (2007), Zyserman and Santos (2007)
and Nakagawa and Schoenberg (2007), Lo (2008), Sharma (2012), and many others.

Thermal and mechanical coupling between the phases made the thermo-mechanical
coupling in the poroelastic medium more complex as compared to classical case.
There are various areas like petroleum engineering, chemical engineering, pavement
engineering and nuclear waste management, where the problems on wave propaga-
tion in saturated thermoelastic porous medium may find applications. Many re-
searchers including Schiffman, 1971; Pecker and Dereziewicz, 1973; Mc Tigue, 1986;
Coussy, 1989; Kurashige, 1989; Bear et al., 1992; Zhou et. al., 1998; Ghassemi and
Diek, 2002; Shrefler, 2002; Abousleiman and Ekbote, 2005; Youssef, 2007, Singh,
2011, and Singh, 2013 have followed Biot (1956¢) theory and contributed significant
problems in porothermoelastic materials.

Following Biot (1956a, 1962) and Lord and Shulman (1967), Youssef (2007) de-
veloped a theory of generalized porothermoelasticity, in which he considered a ho-
mogeneous, isotropic, elastic matrix whose interstices are filled with a compressible
ideal liquid, where both the solid and liquid form continuous and interacting regions
and viscous stresses are neglected in the liquid. He also assumed that the liquid is
capable of exerting a velocity-dependent friction force on the skeleton. This theory

of generalized porothermoelasticity was applied by Singh (2011, 2013) to show the



existence of one shear and four kinds of coupled longitudinal waves and to study the
reflection phenomena in a generalized porothermoelastic solid half-space.

In this chapter, the governing equations of generalized porothermoelasticity given
in Youssef (2007) are simplified in context of Green and Naghdi (1993) theory of
thermoelastcity without energy dissipation. A problem on Rayleigh type surface
wave is considered in a generalized porothermoelastic solid half-space. A secular
equation in Rayleigh wave speed is derived and solved numerically for a particular
material. The wave speed is plotted to observe the effects of porosity and various
thermal coefficients.

2. GOVERNING EQUATIONS

According to the theories of Youssef (2007)and Green and Naghdi (1993), the
linear governing equations of isotropic and homogeneous generalized porothermoe-
lasticity in absence of body forces and heat sources, are

(a) Constitutive equations

1

eij = 5(’&17]‘ + Ujﬁ'), € = Ui,ia (1)
oij = 2pei; + (Nexr, + Qe — R ©° — R1207)d;; (2)
g = Qekk + Re — Rgl@s — Rgg@f (3)

F; F;
,07]8 = Ruekk -+ R21€ + ﬁ@s + —12@f (4)

Ty Ty

F. F:
o’ = Risepr, + Rooe + 2o+ 2of (5)

T To

(b) Equations of motion

pas i+ (A4 p)uji; + QU — Rin© ;% — R12@,if = p11t; + ,01201'7 (6)
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RU, i + Qujij — RO ;° — Rp© ;f = proti; + p22U;,

(c) Heat Equations

82

Ks@ﬂ'is = @(FH@S + Flg@f + TORHe“- + T0R21€),
82

Kf@,iif = w(Fgl@S + FQQ@f + Tongen- + T()RQQG),

where the meanings of all symbols are given in Appendix I.

Using the following Helmholtz’s representations
up = ¢1° — 5%, Uy = ¢o° + 117,
Ur=o¢.) — 15, Uy =¢" + 1417,

the equations (6) to (9) reduce for z; — x5 plane as

A+ 2#)(¢,118 + ¢,228) + Q(¢,11f + ¢,22f) — R,0° — R12@f = p11¢§8 + p12¢;f’

R(Qb,nf + ¢,22f) +Q(pq11° + ¢,225) — Ry ©° — Ry0! = P12§55 + p22¢'5.f7

KS(@’HS + @7228)
2

= @(FH@S + F,07 + ToR11(d11° + ¢22°) + T0R21(¢,11f + ¢,22f),
K@) + 047

82

= @(Fm@s + Fp®f 4 TyRyo(611° + $22°) + T0R22(¢711f + ¢722f)7

p(11® + 1 2°) = p11¢.5 + pro?,

0= Plﬂﬁs + /)221/.1}7

4

(10)

(11)

(15)
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3. SURFACE WAVE SOLUTIONS

We now consider a porothermoelastic half-space occupying the region zo > 0
in the reference configuration with boundary zo = 0 and Rayleigh surface waves
propagating along the direction ;. The solutions of the equations (12) to (15) are

now sought in the form

{¢°, ¢f, ©°, O} ={"(y), &' (y), ©°(y), & (y)}erxr=1), (18)

in which ¢°, ¢f, ¥°, ¥f, ©°, ©F are functions of y, y = kx,, v is the phase speed
and k is the wave number.

With the help of equation (18), the equations (12) to (15) lead to the following
equation

CL()DS — (4(10 + CL1()D6 + (6@0 + 3CL1C + a2§2)D4
—(4ag + 3a1¢ + 2a9¢* + az¢®)D? + (ag + a1 + axC® + a3 + as¢*) =0,  (19)

where D = d/dzs,( = v?, and the expressions for ag,ai, as, az and a4 are given in
Appendix II.

We require the following radiation conditions on ¢°, ¢/, ©°, 67 for x5, — oo

O (x3) = 0, ¢ (x3) = 0, O%(z3) = 0, O (25) = 0, (20)

The general solutions ¢*(y), ¢/ (y), ©%(y), ©7(y), which satisfy the radiation con-

ditions (20) are

4 4
¢* = ZAiexp(siy), ¢f = Zfz‘Az‘exp(Siy)a (21)
i=1 i=1
) 4 ) 4
0° = Z niAsexp(siy), 07 = Z GAexp(sy), (22)
i=1 i=1
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The expressions for §;, 7, %, (1 =1,2,.,4) and relations between s;, (i = 1,2, .,4),
are given in Appendix III.
Similarly, the general solutions 1*(y), ¢ (y) of equations (16) and (17), which satisfy

radiation conditions ¢*(x5) — 0, ¥f(zy) — 0, as x5 — oo are

V* = Beap(my), ¥ = xBexp(my), (23)

P11pP22 — P122

Hp22
4. BOUNDARY CONDITIONS

where m =1 — v? and Y = —p11/pa2.
The suitable boundary conditions at free surface zo = 0 are vanishing of normal
stress of solid, tangential stress of solid, liquid stress per unit area, solid heat flux

and liquid heat flux

06° 007
on =0, 012 =0, 0 =0, 5o =0, 7 =0, (24)
where,
Q(bs 82¢8 aQws 82¢f 82¢f
=4 A2 2 — Ru6® — Rypt?
099 Ox2 + (A + M)ang + Mamla@ + Q(81'12 + 81:22) 1 1207,

B 82¢s 82¢s 82¢S
o2 = M(Qa.flal'g + 8%12 B 81‘22>7

02 f 82 f 82 s 82 s
¢ ¢ )+ O A
6$12 8!E22 al‘12 8ZL‘22
The solutions given by (21) to (23) satisfy the boundary conditions (24) and we

o = R( ) — RQIGS — Rggef.

obtain the following secular equation for Rayleigh wave
(1 4+ m?)[szs4(arby — aghy)(n3Cs — MaC3) + s284(azby — a1bs)(n26s — n4C2)
+5283(a1by — aab1)(n2Gs — n3C2) + s154(azbs — asbz)(mCs — 1aGy)
+s153(asba — asba)(mGs — 13¢1) + s152(azbs — asbs)(me — n2G1)] = 0, (25)
where
ai = A+ Q&) (s? — 1) +2us? — Rl — Rin%, (i=1,2,.,4),
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b= (Q+ R&)(s? — 1) — Ry % — Raosh, (i =1,2,.,4).
5. RESULTS

The real part of wave speed of Rayleigh wave is computed for following physical
constants at Ty = 27 °C' (Yew and Jogi, 1976)
Q = 0.99663 x 10'' dyne.cm™2, R = 0.07435 x 10*' dyne.cm™2,
A = 0.44363 x 101 dyne.cm™2, p = 0.2765 x 10! dyne.cm™2,
pr* =082 gmem™3,  pS =26 gmem 3, p; = 0.002137 gm.cm3,
Cg® =21 calgm™'.°C™', Cp/ =19 cal.gm'.°C!.

The variations of the wave speed of Rayleigh wave are shown graphically in figure
1 against the range 0.1 < 3 < 0.8 of porosity when o® = of = o*/ = o/* = 0.01, K*
= 0.5 cal.em™'s7!. °C7! and K/ = 0.4 cal.em'.s71.°C~! for porothermoelastic
and poroelastic cases by solid and dashed lines, respectively. In porothermoelastic

! when 3 = 0.1. It increases very

case, the value of wave speed is 1.24 x 10° cm. s~
sharply and attains its maximum value 9.3448 x 10% cm. s~! at 8 = 0.3. Thereafter,
it decreases very sharply to a value 0.5048 x 10° cm. s~! at 8 = 0.8. In absence of
thermal effects, this variation reduces to a similar variation shown by dashed line
in figure 1. The comparison of solid and dashed lines in figure 1 shows the effect of
presence of porosity. This effect becomes more prominent in the range of porosity
between 0.3 and 0.8.

For g = 0.4,0.5 and 0.6, the variations of the wave speed of Rayleigh wave
are shown graphically in figure 2 against the range 0 < o® < 0.01 of coefficient
of thermal expansion in solid phase by solid, small dashed and long dashed lines,
respectively when of = o/ = of* = 0.01, K* = 0.5 cal.em™'.s™'. °C7! and K/
= 0.4 cal.em ts71.°C~!. For f = 0.4, it has its minimum value 1.1957 x 10° cm.

s7!lat a® = 0. It increases to its maximum value 1.399 x 10° cm. s~! at o® = 0.01.



By comparing the solid and dashed variations in figure 2, the effects of the presence
porosity and coefficient of thermal expansion in solid phase are observed on wave
speed of the Rayleigh wave.

For g = 0.4,0.5 and 0.6, the variations of the wave speed of Rayleigh wave
are shown graphically in figure 3 against the range 0 < of < 0.01 of coefficient
of thermal expansion in fluid phase by solid, small dashed and long dashed lines,
respectively when o® = o*/ = o/* = 0.01, K* = 0.5 cal.em 's™!. °C! and K/
= 0.4 cal.em™!.s7t.°C~L. For B = 0.4, it has its maximum value 1.4838 x 10° cm.
s7! at o/ = 0. It decreases to its minimum value 1.399 x 10° cm. s~! at o/ = 0.01.
The comparison of solid and dashed variations in figure 3 shows the effects of the
presence porosity and coefficient of thermal expansion in fluid phase are observed
on wave speed of the Rayleigh wave.

For g = 0.4,0.5 and 0.6, the variations of the wave speed of Rayleigh wave
are shown graphically in figure 4 against the range 0.002 < o*f < 0.01 of ther-
moelastic coupling in solid phase by solid, small dashed and long dashed lines,
respectively when o® = of = o/* = 0.01, K* = 0.5 cal.em™'.s7'. °C™!, and K/
= 0.4 cal.em !ts71.°C7t. For B = 0.4, it has a value 0.6875 x 10° cm. s~! at

- at

a®f = 0.002. It increases sharply to its maximum value 1.4319 x 10° cm. s
a®/ = 0.0078 and then decreases slowly to a value 1.399 x 10° cm. s~! at a*f = 0.01.
By comparing the solid and dashed variations in figure 4, the effects of the presence
porosity and thermoelastic coupling in solid phase are observed on wave speed of
the Rayleigh wave.

For 8 = 0.4,0.5 and 0.6, the variations of the wave speed of Rayleigh wave

are shown graphically in figure 5 against the range 0 < af* < 0.01 of thermoe-

lastic coupling in fluid phase by solid, small dashed and long dashed lines, respec-



tively when o® = of = o*f/ = 0.01, K* = 0.5 cal.em 's™ ! °C™', and K/ =
0.4 cal.em™'.s71.°C~!. For B = 0.4, it has a value 1.3810 x 10° cm. s~ ! at o/* = 0.
It increases very slowly to its maximum value 1.399 x 10° cm. s~! at of* = 0.01.
The comparison of solid and dashed variations in figure 5 shows the effects of the
presence porosity and thermoelastic coupling in fluid phase are observed on wave
speed of Rayleigh wave.

For 8 = 0.4,0.5 and 0.6, the variations of the wave speed of Rayleigh wave are
shown graphically in figure 6 against the range 0.4 < K* < 1 of the characteristic
of solid phase by solid, small dashed and long dashed lines, respectively when o® =
af = of = af* =0.01 and K/ = 04 cal.em 's'.°C7!. For B = 0.4, it has a

value 1.15 x 10° cm. s !

at K° = 0.4. It increases sharply to its maximum value
1.469 x 10° cm. s7! at K* = 0.634 and then decreases to a value 1.3207 x 10° cm.
s~!at K* = 1. By comparing the solid and dashed variations in figure 6, the effects
of the presence porosity and characteristic of solid phase are observed on wave speed
of the Rayleigh wave.

For g = 0.4,0.5 and 0.6, the variations of the wave speed of Rayleigh wave are
shown graphically in figure 7 against the range 0.25 < K/ < 1 of the characteristic
of fluid phase by solid, small dashed and long dashed lines, respectively when o® =
af = o/ =a/* =001 and K* = 0.5 cal.em™'.s71.°C~!. For B = 0.4, it has a
value 1.2326 x 10° cm. s~ ! at K/ = 0.25. It increases sharply to its maximum
value 1.457 x 10° cm. s~! at K/ = 0.867 and then decreases very slowly to a value
1.456 x 10° cm. s~! at K/ = 1. The comparison of solid and dashed variations in
figure 7 shows the effects of the presence porosity and characteristic of fluid phase

are observed on wave speed of the Rayleigh wave.

6. CONCLUSIONS



The theory of Green and Naghdi generalized thermoelasticity is employed to
study the Rayleigh wave on a thermally insulated stress free surface of a porother-
moelastic solid half-space. With the help of particular surface wave solutions in
half-space and relevant boundary conditions at free surface, a secular equation in
wave speed of Rayleigh wave is obtained. The secular equation is solved numerically
by a fortran program of iteration method. The real wave speed of Rayleigh wave
is computed for relevant physical constants of porothermoelastic material (Yew and
Jogi, 1976). To observe the dependence of wave speed of various material parame-
ters, the wave speed of the Rayleigh wave is plotted against porosity, coefficients of
thermal expansion in solid and fluid phases, thermoelastic coupling coefficients in
solid and fluid phases and characteristics of solid and fluid phases. Some concluding
remarks obtained from the numerical discussion of wave speed in these plots are
given as
(i) The wave speed of Rayleigh wave in Green-Naghdi porothermoelastic solid de-
pends on porosity of the material. In absence of thermal parameters, the wave speed
increases at each value of porosity in considered range. The thermal effect on wave
speed becomes more prominent beyond 5 = 0.3.

(ii) The effect of porosity on wave speed increases with the increase in value of co-
efficient of thermal expansion in solid phase.

(iii) The effect of porosity on wave speed decreases with the increase in value of
coefficient of thermal expansion in fluid phase.

(iv) The effect of porosity on wave speed increases with the increase in values of
coefficients of thermoelastic coupling for both solid to fluid and fluid to solid.

(v) The wave speed of Rayleigh wave is affected significantly by characteristics of

solid and fluid phases for different values of porosity.
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Seismological observations provide the evidences of thermal-mechanical processes
which control the formation and evolution of thermoelastic lithosphere below oceans.
The present study may be useful in studying underground layers of porous solids
saturated with oil or groundwater.
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APPENDIX 1.

p!"; p* are the density of the fluid and solid phases, 3 is the porosity of the mate-
rial,

pf = Bp’" are the density of the fluid phase per unit volume of the bulk,

p* = (1 —B)p* are the density of the solid phase per unit volume of the bulk,

p11 = p° — p12 are the mass coefficient of solid phase,

p2o = p! — p1a are the mass coefficient of fluid phase,

p12 is the dynamic coupling coefficient,

u;; U; are the displacements of the skeleton and fluid phases,

K*; K/ are the characteristics of the solid and fluid phases,

n®;n/ are the entropy for the solid and fluid phases,

a®;of are the coefficients of thermal expansion of solid and fluid phases,

a®f: af® are the thermoelastic coupling between the phases, \; j; R; Q, are the poroe-
lastic coefficients,

Ri1; Ri2; Ro1; Ras, J are the mixed and thermal coefficients,

Cg®: Cg' are the specific heat at constant strain of the phases,

p=p+ Pf§ Fiy = pCg®; Py = ,OCEf; Fiyp = Fy = —JTy;

Rii = o*P+0a’*Q; Ry =a/R+30%Q; Ry =a/Q+a*’P; Ry =3a°Q+a'*R;
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@S:TS—T(),(G

| << 1) of =T/ - To,(|%f| << 1); where, in the reference

state, T° =T =Ty,

APPENDIX II.

The expressions for ag, a1, as,as and a4 are given as

ap = KK [(A + 2R — Q7],

a1 = —K*[Fpo{(A+ 20)R — Q*} + To{(A + 2p1) Ras”> + RR15> — 2QR12 R0}
—K'/[Fi{(A + 20)R — Q*} + To{(A + 2u) Ror® + RR11* — 2QR11 R }

—K*K7[(X + 2p) pas + Rp1y — 2Qp1a],

ay = (Fi1Fag— F1oFo1)[(A20) R— Q2]+ (K* Fao+ KY Fi1) [(A+2p) p22+ Rp11 —2Qp12]
‘|‘K8To(p11Rzz2 + P2le22 - 2012R12R22) + KfTo(P11R212 + P22R112 - 2,012R11321)
+ KK (p11p2 — p12?) + To*(Rin Raz — ]%121“221)2

+To[(A + 20){Ra1* Fao + Rao”Fi1 — Ro1Roo(Fia + F1)}

+Q{(Fi2 + Fon)(Ri1 Roo + RiaRo1) — 2R11 Ry Foy — 2R19Rog F1y }

+R{R11*F3 + Ri2°Fi1 — RiRi2(Fi2 + Fa)}],

ag = (FiaFor — FiiFh)[(A + 2p)pa2 + Rpin — 2Qp12)

+(p12® — pr1paz) (K Fay + KT Fyy)

+To[F11(2p12R12Rap — p11R222 - ,0223122)

+(Fi2 + Fo1)(p22Ri1 Ria + p11 Ro1 Ray — p1aRia Roy — p1aRii Rao)

+F(2p12R11 Ry — P223112 - P11R212)]a

aq = (/711022 - P122)(F11F22 - F12F21)-

APPENDIX III.

The expressions for &;, 74, %, (1=1,2,.,4) are given as

¢ = (R12q;i — Roops) + (Ri1Roz — R21R12)%
z Rooq; — Ryar;

I

o fi(@} — piri) — g(Ra2gi — Riary)
k2 fi(R21Qi - Rlﬂ’i) - 61’(R22%‘ - RlZTz’)’
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& _ 67L(Qz‘2 —pﬁ“z‘) - Q(Rzl%‘ - Rn?“z‘)
k*  ei(Roaq; — Riari) — fi(Ra1qi — Ruiry)’

where

pi = puv* + (A +2u)(s7 = 1), ¢ = prov® + Q(s7 — 1), i = [paov® + R(s7 — 1),

e; = ToRoo[K*(s? — 1) + v2Fy1| — Ty Roy Foyv?,

fi = =ToRy1 [K' (57 — 1) + v Fay] + Ty Royp Fiov?,

g = Tov*(Ri2Ra1 — R11Ran).

s2 + 52 + s + 52 = (dag + a1() /ao,

$1s3 4 5553 4 s357 + 5357 + s785 + s3s; = (6ag + 3a1¢ + aal?)/ap,

s25352 + s5525% + s1s3s5 + s7s55% = (dag + a1 + 2a2C + azC®)/aq,

s1s3535%7 = (a0 + a1¢ + aaC® + as® + as¢*) /ao.
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Chapter 3
Reflection of plane waves from surface of a
thermoelastic saturated porous solid half-space
with impedance boundary conditions

In this chapter, a problem on reflection of plane waves from a plane thermally insu-
lated as well as isothermal surfaces of a half-space is studied in context of Lord-Shulman
(LS) and Green-Naghdi (GN) theories of generalized thermoelasticity of saturated porous
medium. The mechanical boundary conditions at surface of half-space are considered as
impedance boundary conditions, where the normal and shear force tractions are assumed
to vary linearly with the normal and tangential displacement components multiplied by
the frequency, respectively. The impedance corresponds to the constants of proportion-
ality. The governing equations are specialized in x — z plane. The plane wave solution
of these equations shows the existence of three coupled longitudinal waves and a shear
vertical wave in a generalized thermoelastic saturated porous medium. For incident plane
wave (longitudinal or shear), four reflected waves will propagate in the medium. The
appropriate potentials for incident and reflected waves in a half-space are formulated,
which satisfy the required boundary conditions with the help of a Snell’s law. Finally, a
non-homogeneous system of four equations is obtained in the amplitude ratios, where the
ratios depend on material parameters, impedance parameter, angle of incidence, thermal
relaxation and speeds of plane waves. For relevant material parameters, the amplitude
ratios are computed numerically for certain ranges of impedance parameters and the an-
gle of incidence. For validation purpose, the numerical results are compared with those

without thermal and porous parameters.



1. INTRODUCTION

In crustal and reservoir rocks, the co-existence of porosity and thermoelasticity is a com-
mon, which may be crucial in non-destructive evaluation of composite materials and struc-
tures. Bear et al. (1992) and Levy et al. (1995) studied the fluid transport through
porous media and obtained the fundamental equations for microscopic dynamism. Using
Lagranges’s equations, Biot (1956a, 1962a, b) derived the equations governing the motions
of solid and fluid phases and developed a complete dynamic theory for wave propagation
in fluid-saturated porous media. A large number of problems [for example, Lakes et al
(1983); Kelder and Smeulders (1997); Gurevich et al (1999)] are studied to verify the
Biot’s theories.

Biot (1964) developed a coupled theory thermoelasicity, where dilatation based on the
thermodynamics of irreversible process is derived and coupled it with elastic deformation.
In this theory, the heat equation was of diffusion type, which predicts infinite speed for
propagation of thermal signals. Lord and Shulman (1967)developed a theory of general-
ized thermoelasticity with one relaxation time for an isotropic body. In this theory, the
conventional Fouriers law is replaced by a modified law of heat conduction including both
the heat flux and its time derivative. The heat equation in this theory is hyperbolic, which
eliminates the paradox of infinite speeds of propagation found in both the uncoupled and
the coupled theories of thermoelasticity. Green and Lindsay (1972) also developed a gen-
eralised theory of thermoelasicity with two relaxation times. Chandrasekhariah (1986)
reviewed the earlier research works on thermoelasiticity. Green and Naghdi (1993)for-
mulated another generalized theory of thermoelasticity without energy dissipation, which
includes the thermal-displacement gradient among its independent constitutive variables
and differs from the previous theories in that it does not accommodate dissipation of ther-

mal energy. Various studies are conducted on wave propagation in thermoelastic materials



including McCarthy (1972), Chadwick (1979), Dhaliwal and Sheriff (1980), Sharma and
Sidhu (1986), Gorodetskaya (2005), Sharma (2006), Arora and Tomar (2007), Singh (2013)
and Goyal and Tomar (2015).

Biot (1956b) showed that the theory of porous media applies instantly to the theory
of thermoelasicity. For example, the temperature and entropy replace the fluid pressure
and relative fluid displacement, respectively. Norris (1992) used this analogy to translate
the results from thermoelasticity for solving the problems of poroelasticity. The problems
on wave propagation in saturated thermoelastic porous medium have useful applications
in petroleum engineering, chemical engineering, pavement engineering and nuclear waste
management. Sharma (2008) showed the existence of three longitudinal and one transverse
waves in an isotropic thermoelastic porous solid saturated with a non-viscous fluid and
analysed the velocities and attenuation of the three longitudinal waves numerically. Singh
(2011) showed the existence of one shear and four kinds of coupled longitudinal waves
in a generalized porothermoelastic solid half-space. Singh (2013) also studied the reflec-
tion phenomena in a generalized porothermoelastic solid half-space, where the reflection
coefficients as well as energy ratios of reflected waves are obtained.

Impedance boundary conditions are a linear combination of unknown functions and
their derivatives prescribed on the boundary. Impedance boundary conditions are com-
monly used in various fields of physics like acoustics and electromagnetism. However, these
boundary conditions are not used much in seismology. Tiersten (1969) derived impedance-
like boundary conditions to observe the effect of a thin layer of different material over an
elastic half-space. Malischewsky (1987) investigated the Rayleigh waves with Tiersten’s
impedance boundary conditions and obtained a secular equation. Godoy et al. (2012)
proved the existence and uniqueness of Rayleigh waves with impedance boundary condi-

tions. Vinh and Hue (2014) discussed the propagation of Rayleigh waves in an orthotropic



and monoclinic half-space with impedance boundary conditions. Singh (2016) considered
a problem on Rayleigh wave propagation in an isotropic generalized thermoelastic solid
half-space with impedance boundary conditions. Recently, Vinh and Xuan (2017) studied
the propagation of Rayleigh waves with impedance boundary condition and derived an
exact formula for the velocity by using the complex function method. Using this formula,
they also established the existence and uniqueness of the wave. However, the problems on
reflection of elastic waves with impedance boundary conditions are not studied much in
literature. The main purpose of this work is observe the effects of impedance boundary
on reflection phenomena in a generalized thermoelastic saturated porous solid in context
of Lord-Shulman and Green-Naghdi theories.

In the present chapter, we consider a generalized thermoelastic saturated porous solid
half-space, whose surface is subjected to impedance boundary conditions as in Vinh and
Hue [28], where the normal and tangential components of stress tensor depend linearly on
normal and tangential displacement components times frequency, respectively. A problem
on reflection of plane (longitudinal or shear) wave in a generalized thermoelastic saturated
medium with these impedance boundary conditions is considered. The reflection coeffi-
cients (or amplitude ratios) of various reflected waves are analysed numerically to show
the dependence on angle of incidence, thermal and porous parameters and impedance pa-
rameters.

2. BASIC EQUATIONS
Following Bear et al (1992), Levy et al (1995) and Lord and Shulman (1967), the stresses
in porous aggregate in a thermally conducting isotropic porous solid saturated with a

non-viscous fluid are

Tij = 045 + a(=py)dij, (1)



where the effective stresses in the solid and fluid parts of the medium are

0ij = Mupkij + p(uij + uji) — BsTdij, (2)

—pf = aMug + Mwg — BT, (3)

and S, By are the coefficients of therml stress for solid and fluid, respectively. « is Biot’s
parameter to represent bulk coupling between fluid and solid phases. ¢;; is the Kronecker
symbol. A, u are isothermal Lame’s constants for porous solid and M is an elastic param-
eter for isotropic bulk coupling of fluid and solid particles. w; are the components of the
averaged fluid motion relative to solid frame, where w; = f(U; — u;), f is the porosity of
solid and u; and U; are displacement components in solid and fluid phases, respectively.
T is small change in temperature. It is assumed that both the constituents of porous
aggregate have the same constant temperature (7p) in the undisturbed state.

The governing equations of motion in the deformed medium are

Tijg = Pl + pyis, (4)
(=pf)si = prit; + qiy, (5)
KTj; — pCe(T + 1oT") = ToBlro(ii; + j5) + (155 + ;)] (6)

where 8 = s + af8y. p and py are the densities of porous aggregate and pore fluid,
respectively. 7p is relaxation time. The parameter g represents inertial coupling between
pore-fluid and solid matrix of porous aggregate.

3. TWO-DIMENSIONAL SOLUTION

Making use of relations (1) to (3) in equations (4) to (6), the governing equations of a



generalized thermoelastic saturated porous medium are specialized in x-z plane as
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CMH§f+g%y+Mé?§+§2)/%T:ng+q8§, (17)
K3+ )
= ATl + 70 8t){8i?;(gt * 822(21‘, * 8(132(216 * 88;(1(;15}] FpCe(l+ TO;)(Z' (18)
We seek the plane wave solutions of equations (14) to (18) of the following form
{6,9,T,¢,V} ={A, B,C, D, E}explik(sin 0z + cos 0z — V't)], (19)

where A, B,C, D and F are arbitrary constants. k is the wavenumber, V' is the complex
phase speed and 6 is the angle of propagation. With the help of equation (19), the

equations (14)to (18) lead to following two velocity equations

goVe+ gV + g2V2 + g3 =0, (20)
V2 — ,LLq 5 (21)
pq — Py
where
90 = p} — pd;
K BTy
= pM +¢D —p2) + == — —
g1 = pM +qD pceT*(pq py) + C(pﬂf psBs — psB+apb),
BBy BTy K
= M(a?M—-D))+""=(aM—-D M2aps—p)—D1g——
g2 (a 1)+ oC. (a 1)+ oC. M(a—1)+ 2Ot (2apy—p) 1queT*’

K
pCe1*

The velocity equation (20) shows the existence of three coupled longitudinal waves, namely,

g3 = M(Dy — a®M), Dy =A+2u+a®M, 7 =1+ —.
w

fast-P (P1), slow-P (P2) and thermal (P3) waves in a generalized thermoelastic saturated
porous medium. If we write, ijl = vj_l — iw‘lqj, (j =1,2,3), then clearly v; and ¢; are
speeds of propagation and attenuations of the P1, P2 and P3 waves, respectively. The
velocity equation (20) corresponds to Green and Naghdi (GN) theory for 7% = 1. The ve-

locity equation (21) shows the existence of a Shear Vertical (SV) wave with speed V' = vy.

4. REFLECTION FROM A PLANE SURFACE



We consider a half-space of a generalized thermoelastic fluid-saturated porous medium.
The plane surface of the half-space is taken along the x-axis. The negative z-axis is taken
as normal into the half-space as shown in Figure 1. Following Vinh and Hue (2014),
we assume that the surface of half-space is subjected to impedance boundary conditions,
where the normal and tangential tractions are proportional to normal and tangential dis-
placement components times frequency, respectively. Therefore, in the present problem,

the impedance boundary conditions at z = 0 are expressed as

T
0., +wZsus =0, Oup +wZius =0, pr=0, g +hT =0, (22)

z

where

o 8u1 8U3 _ 8U3 8U1
Oz = A O ;‘()‘ +82M) B %T, Uazx = ,u( Oz =+ 0z )7
Ul U3 w1 w3
—pp=aM(5-+ )+ M=+ ) = BT =0,

and h — 0 corresponds to thermally insulated surface and and h — oo corresponds to
isothermal surface. Z; and Z3 are impedance parameters of dimension stress/velocity,
which are assumed strictly real. For Z; = 0; Z3 = 0, the impedance boundary conditions
reduce to traction-free boundary conditions and |Z;| — +oo and |Z3| — 400 correspond
to vanishing of tangential and normal components of displacement vector.

For an incident P1 or SV wave at plane surface z = 0, the reflected P1, P2, P3 and
SV waves propagate in the half-space (z < 0). The appropriate potentials for incident
and reflected waves in the half-space are:

¢ = Ay exp{iky(zsinfy + z cos Oy — vit)}

3
+ Z A; exp{ikj(zsinb; — z cosb; — v;t)}, (23)
j=1

O = p1 Ag exp{iki(zsinby + z cos Oy — vit)}

3
—i—ijAj exp{ik;(zsinf; — zcosB; — v;t)}, (24)
j=1



T = q1Ap exp{iki(zsinfy + z cos by — vit)}

3
+ Z q;Aj exp{ik;(zsinb; — zcos; — v;t)}, (25)

j=1
1 = By exp{iky(xsinby + z cos Oy — vat)}

+By exp{iks(zsinfy — zcosfy — vgt)}. (26)
U =11 By exp{iks(zsinby + z cos 0y — vat)}

+r1 By exp{iks(zsinfy — z cos Oy — vat)}. (27)

where the expressions for p,,, Z—;n, (m =1,23) and r; are obtained as
m

D = (pfB— pBr)vz, + (A +2u+ o> M)Bf — aMpB Tl:;pf

" (prBy — aB)va, + (BM — aMfy) ’ q

am (P} — p@)vn + (pM — 2aMpy + (A + 25+ o> M)q)vg, — (A + 2u) M
k2, (psBy — aB)vi, + (BM — oM By) '

The potentials given in equations (23) to (27) satisfy the boundary conditions if following

relations (Snell’s law) hold

sin g sinf;  sinfly  sinf3  sinfy (28)
(v1 or vy) V1 V9 v3 o

k1v1 = kovg = k3vg = kavy (29)

and with the help of these relations, we obtain a non-homogeneous system of four equations
in amplitude ratios of four reflected waves as

(a) incident P1 wave

4
> aiiX; =1b;, (i=1,2,3,4) (30)
j=1
where
A By
X. ==L (1=1,2,3), Xy =—
7 A07 (] ) &y )7 4 A(),

are reflection coefficients of reflected P1, P2, P3 and SV waves, and
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(i) Thermally insulated case

qm(%)\/l — ()% sin? 0y

Q4m =

=1.2 = by =1
p—. , (m=1,2,3), aga =0, by =1,

(ii) Isothermal case

A4m = —, (m = 17273)a agy =0, by = —1,

q1
and

(b) incident SV wave

where
A
Y, =2
7 By’
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(j:]-7273)7 }/4:7

are reflection coefficients of reflected P1, P2, P3 and SV waves, and

A+ 2u{l — (%)2 sin? 6o} + BSZTZ + ivag\/l —(4=)2 sin? 6

12 sin 290 — iv423 sin 90

)’[

sin 26 + iv4 Z3 sin g

Clm = (%
. 1%
cly = —|
m
Com =

_ pcos 290 VA

=1,2,3), dy = —
sin 20g — vy Z3 sin90] (m h o

2,u\/ 25in? 0g) + v, 21
M COS 2(90 — 11}421

o) sin o] l, (m=1,2,3),

 pcos 20y —ivg 2y’

dy = —1

10

J

I



C3m = (vfl)Q[(a +pm>M + 5]”27:]; (m = 17273)a C34 = 07 d3 == 07

Um

(i) Thermally insulated case

Cim = Gm(2)\ /1 = (22)2sin2 60, (m=1,2,3), =0, dy=0,

(ii) Isothermal case

Cam = qm, (Mm=1,23), c44=0, dy =0,

The above theoretical analysis reduces for traction free boundary case for Z; = 0 and
Z3=0.

5. RESULTS

To compute the numerical values of reflection coefficients of various reflected waves, the
following physical constants of thermoelastic saturated porous medium are considered (Ra-
solofosaon and Zinszner, 2002)

A=37x10°N.m~! p=79%x10°N.m~! M =6.0x 109N.m™1,

a=04, f=0.16, p=2216 kgm=3, p;=2950kg.m3, q=1.05ps/f,

C.=1040 Jkg 'K~' K =170 Wom™'K—', Ty =300K, 1o = 10715,
Be/u=03x103K, Bs=28;, w=>5s"1

The velocity equation (20) is solved numerically for above physical constants and it is
found that v; > vy > v3, where v1,v9 and vs correspond to speeds of P1 (fast-P) wave,
P2 (slow-P) wave and P3 (thermal wave), respectively. For above values of physical
constants, the equations (30) and (31) are solved numerically to obtain the reflection co-
efficients of reflected waves for incidence of both P1 and SV.

(a) Incident P1 wave

The variations of reflection coefficients of reflected waves against the angle of incidence
of P1 wave for LS and GN theories are shown in Figure 2 by solid and dashed curves
respectively. Here the P (or thermal wave) is affected significantly due to the presence of

dissipation.
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Numerical results in Figures 3 to 6 are restricted for Lord and Shulman theory only. The
variations of reflection coefficients of all reflected waves against the angle of incidence of
P1 wave are shown in Figure 3 for insulated, isothermal, without porous and without
thermal cases by solid curve, solid curve with stars, solid curve with triangles and solid
curve with rhombuses, respectively. Thermal and porous effects are observed on all the
reflected waves, where the P2 and P3 waves does not exist in absence of porous and ther-
mal parameters, respectively.

In Figure 4, three different sets of impedance boundary parameters are chosen to show
the variations of reflection coefficients of all reflected waves against the angle of incidence
of P1 wave. The variations for sets Z; = —10, Z3 = —10; Z; = 0, Z3 = 0 (traction
free boundary); Z; =5, Z3 = 5 are shown in Figure 4 by solid curve with triangles, solid
curve and solid curve with rhombuses, respectively. The comparison of different variations
in Figure 4 shows the effect of impedance boundary on reflection coefficients of various
reflected waves.

The variations of reflection coefficients of all reflected waves are plotted against the
impedance parameters Z; and Z3 in Figures 5 and 6 for insulated, without porous and
without thermal cases by solid curve, small dashed curve and long dashed curve, respec-
tively. The effects of thermal, porous and impedance parameters are observed in these
figures at a particular incidence 6y = 45°, when Z3 = 0. The peaks at Z; = 0 in Figure 5
and at Z3 = 0 in Figure 6 correspond to the results for traction free surface.

(b) Incident SV wave

In Figure 7, the variations of reflection coefficients of all reflected waves are plotted against
the angle of incident of SV wave for Lord and Shulman theory and Green Naghdi by solid
and dashed curves respectively. Maximum effect of dissipation is observed on reflected P3

or thermal wave.
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For Lord and Shulman theory, the variations of reflection coefficients of all reflected waves
are plotted against the angle of incidence of SV wave in Figure 8 for insulated, isother-
mal, without porous and without thermal cases by solid curve, solid curve with stars, solid
curve with triangles and solid curve with rhombuses, respectively. All reflected waves are
affected due to the presence of thermal and porous parameters and the P2 and P3 waves
does not exist in absence of porous and thermal parameters, respectively.

Using Lord and Shulman theory and for three different sets of impedance boundary pa-
rameters, the variations of reflection coefficients of all reflected waves are shown graph-
ically against the angle of incidence of SV wave in Figure 9. The variations for sets
Zy=-10, Zs = —-10; Z1 =0, Z3 =0; Z; =5, Z3 = b5 are shown in Figure 9 by solid
line with triangles, solid line and solid line with rhombuses, respectively. The comparison
of these variations in Figure 9 shows the effect of impedance boundary on reflection coef-
ficients of all reflected waves.

5. CONCLUDING REMARKS

A problem on reflection of plane waves from a plane surface of a generalized thermoelastic
saturated porous solid half-space is considered, where the surface (thermally insulated or
isothermal) is subjected to impedance boundary conditions. For incidence of both P and
SV wave, the theory and numerical results suggest the following concluding remarks:

(i) Thermal wave or P3 wave is most affected wave due to dissipation.

(ii) The impedance boundary conditions affect significantly the reflection coefficients of
various reflected waves in a thermoelastic saturated porous medium.

(iii) The numerical results reduce for traction free boundary conditions for Z; = 0 and
Z3=0.

(iv) In absence of impedance and porous parameters, the present results agree fairly with

those obtained by Sharma et al. (2003).

13



(iv) The present theoretical and numerical results may be further explored by experimen-
tal seismologists working on earthquake estimation.
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Chapter 4
Reflection of plane waves from surface of
a generalized thermo-viscoelastic porous
solid half-space with impedance
boundary conditions

In this chapter, a phenomenon of reflection of plane waves from a thermally in-
sulated surface of a solid half-space is studied in context of Lord-Shulman theory
of generalized thermo-viscoelasticity with voids. The governing equations of gen-
eralized thermo-viscoelastic medium with voids are specialized in x-z plane. The
plane wave solution of these equations shows the existence of three coupled longitu-
dinal waves and a shear vertical wave in a generalized thermo-viscoelastic medium
with voids. For incident plane wave (longitudinal or shear), three coupled longitu-
dinal waves and a shear vertical wave reflect back in the medium. The mechanical
boundary conditions at free surface of solid half-space are considered as impedance
boundary conditions, in which the shear force tractions are assumed to vary lin-
early with the tangential displacement components multiplied by the frequency.
The impedance corresponds to the constant of proportionality. The appropriate
potentials of incident and reflected waves in the half-space will satisfy the required
impedance boundary conditions. A non-homogeneous system of four equations in
the amplitude ratios of reflected waves is obtained. These amplitude ratios are
functions of material parameters, impedance parameter, angle of incidence, ther-

mal relaxation and speeds of plane waves. Using relevant material parameters for



medium, the amplitude ratios are computed numerically and plotted against certain

ranges of impedance parameter and the angle of incidence.

1. INTRODUCTION

Cowin and Nunziato [1] developed the theory of elastic material with voids. Iesan
2, 3] developed the theory of thermoelastic material with voids. Various dynamical
problems and plane strain problems in theory of elasticity and thermoelasticity with
voids have been appeared in literature. For example, lesan [4], Ciarletta and Scalia
[5], Chirita and Scalia [6], Chirita et al. [7], Iesan and Nappa [8], Chirita and
D’Apice [9, 10] and Ciarletta et al. [11] have studied various outstanding dynamical
problems in theory of thermoelasticity with voids. Various problems on plane wave
propagation in elasticity and thermoelasticity with voids were also studied. For
example, Puri and Cowin [12], Chandrasekharaiah [13, 14], Singh [15], Ciarletta
and Straughan [16], Ciarletta, et al. [17] and Bucur et al. [18].

Iesan [19, 20] developed theories of thermoviscoelastic materials with voids by
incorporating the memory effects. Some problems on waves and vibrations in
thermoviscoelastic material with voids were studied by Sharma and Kumar [21],
Svanadze [22], Tomar et al. [23], Chirita [24], Chirita and Danescu [25], D’Apice
and Chirita [26] and Bucur [27]. Exploring various problems on wave propagation
in thermoviscoelastic materials with voids is useful in civil engineering, seismology,
nano-technology and bio-materials [28]. In the present paper, we consider a gener-
alized thermoviscoelastic solid half-space with voids, whose surface is subjected to
impedance boundary conditions as in Godoy [29], where the tangential components
of stress tensor depends linearly on tangential displacement components times fre-

quency, respectively. A problem on reflection of plane (longitudinal or shear) wave in



a generalized thermoviscoelastic medium with voids under these impedance bound-

ary conditions is considered. The reflection coefficients (or amplitude ratios) of

various reflected waves are analysed numerically to show the dependence on angle

of incidence, viscous, thermal and voids parameters and impedance parameters.

2. BASIC EQUATIONS

Following Iesan [19] and Lord and Shulman [30], the system of field equations for

isotropic and homogeneous generalized thermoviscoelastic porous solid in absence

of body forces and heat sources are:

(a) the equations of motion

2fsr,s = OUy,

H,, +g= QK*éa

)

(b) the energy equation

QTOﬁ = Qr,ra

(c) the constitutive equations

lrs = )\Oemmérs + 2[1'067"5 + b0¢5r5 - BTdrsa

HT = a0¢,r + T*Tm

g= _bOemm - £O¢ + mT7

on = Bemm +al + m¢7

Qr + TOQT = /iT,r + Cé,ra

3



1
€rs = é(u’r,s + us,’/‘)a (9)

Using equations (4) to (9) in equations (1) to (3), we can obtain following equations

HolUs, rr + (/\O + MO)um,ms + b0¢,s - /BTS = Qu& (10)
a0¢,rr — YoUr,r — £O¢ + T*TTT +mT = QK*¢7 (11)
vaj,rr + Cé,rr = BT0<ur,r + TOur,r) + mTO<¢ + TO‘%) + Ce<T + TOT>7 (12)

where the following notations are used
C To, A )\—i-)\*a + -9 b (H—b*a +a*
= Q = —_ = —_ = — g = X o —
e 807 0 gt; Mo = H T [ a0 o
b+ v —, =&+ & —.
Vg =8485
and t,, are the components of the stress tensor, H, are the components of the
equilibrated stress vector, g is the intrinsic equilibrated body force, 1 is the entropy
per unit mass, (), are the components of the heat flux vector, e, are the components
of the strain tensor, o is the mass density of the medium, K* is the equilibrated
inertia, w, are the components of the displacement vector, ¢ is the void volume
fraction, € is the change in temperature from the constant reference temperature T
and 0, are the components of the Kronecker delta,A and p are well known Lame’s
constant parameters, b, «, £ and &* are the constant parameters corresponding

*

to voids present in the medium, £, 7%, m, k, ( and a are the constant thermal
parameters and \*, p*, b*, o and v* are the constant viscoelastic parameters, 7y is
thermal relaxation time.

Equations (10) to (12) are specialized in x-z plane as

fo(ur 11 + w1 33) + (Ao + po) (wr11 + us 1) + b1 — BT = iy (13)



po(us 11 + usss) + (Ao + o) (w113 + usss) + bop s — L5 = plig (14)

ao(P11 + d33) — Yo(urn +usg) — o+ 77 (Thr + Tz3) + mT = QK*éa (15)
k(T 11+ T33) + C(Gb,ll + ¢53) — BTo{(t1,1 + u33) + 7o(i11 + is3)}
—mT0(¢ -+ qub) (T + ToT) = O (16)

Using the following Helmholtz representations of displacement components in terms

of potentials

_0q O _dq Oy
U1—£ %, Ug—&—F% (17)

the equations (13) to (16) result into the following equations

82¢ 6277/; "
0%¢ 0%
(Ao +240) (55 + 5~ )+ b — BT = 0§ (19)
0? 0? 0? 0%q *T  0°T .

o005+ T (g k4 D) b4 (G + D) AT = 0K (20)

0*T  &°T 0? 0? 0? 0%G 0%

o P (P ) (P Py P

—mT()(¢ + qub) (T + T()T) =0. (21)

We seck the plane wave solutions of equations (18) to (21) of the following form
{q,06, T, v} = {A, B,C, D}explik(sin 0z + cos 0z — V't)], (22)

where A, B,C, D and E are arbitrary constants. k is the wavenumber, V is the

complex phase speed and @ is the angle of propagation. With the help of (22), the

bt



non-trivial plane wave solution of equation (18) leads to

V2:@. 23
p (23)

which is the speed of shear vertical (SV') wave.
With the help of (22) the plane wave solutions of equations (19) to (21) lead to

following cubic velocity equation

1—& -, C (1 — bo?y
&) —€2m>F3— [R(l—fo)+—2+€303+63m+M—620177_14‘07%4—61()077_1

0 % 0

(

_ — C1C
+B’Yo€2 + ﬁEl(l — 50)]F2 + [E}Cg — €3C3 + FéCl(l — &]) + % — C1C3€3 -+ 0177_163

+boYoR — bocser — Beso + Beaer ]I — (crcak — crczes) = 0, (24)
where
(&%) T* BTO

ovs, ¢ 0t 2o, C2 o O3 e G oC.

mTy Crw? K B Yo
€y = s €q = s = s = s
? QCe ¥ Ce Ce<7—0 + é) "o QK*W2
_ m F 50 * ZC
m=——-, §o = N7 ¢ = VA

oK*w oK*w w(to+3)

The real parts of the roots of cubic velocity equation (24) correspond to the speeds
of three coupled longitudinal (P1, P2 and P3) waves.

3. REFLECTION FROM A PLANE SURFACE

We consider a half-space of a generalized thermoviscoelastic medium with voids.
The plane surface of the half-space is taken along the x-axis. The negative z-axis is

taken as normal into the half-space as shown in Figure 1. Following Godoy et al.



[29], we assume that the surface of half-space is subjected to impedance boundary
conditions, where the tangential tractions are proportional to tangential displace-
ment components time frequency, respectively. Therefore, in the present problem,

the impedance boundary conditions at z = 0 are expressed as

t33 = O, t31 + oJZul = O, Hg = 0, Qg = 0, (25)

where
t33 = Xo(enn + es3) + 2p0es3 + bog — BT, 51 = 2pees,
Q3 = rﬁg—f + C%, H; = ao% + T*aa—z,
and w is frequency of wave and Z is impedance parameters of dimension stress/velocity,
which is assumed strictly real. For Z = 0, the impedance boundary conditions re-
duce to traction-free boundary conditions and |Z| — oo corresponds to vanishing
of tangential component of displacement vector. For an incident P, or SV wave at
plane surface z = 0, the reflected Py, P,, P3 and SV waves propagate in the half-
space (z < 0). The appropriate potentials for incident and reflected waves in the
half-space are:
q = Ao exp{iki(zsinby + zcos by — vit)}
3
+ Z A; explik;(zsind; — zcos0; —v;t)}, (26)
j=1
¢ = p1Ag exp{iki(zsinby + z cosby — vit)}
3
+ ijAj exp{ik;(zsinf; — zcos; — v;t)}, (27)
j=1
T = q Ao exp{iki(zsinbfy + z cosby — vit)}

3
+ Z q;A; explik;(zsind; — zcos0; —v;t)}, (28)

Jj=1



¥ = By exp{iks(xsinby + z cos by — vyt)}

+By exp{iky(xsinfy — zcosby — v4t)}. (29)
where v; = Re(V;), (i = 1,2,.,4) and the expression for %, %, (j = 1,2,3) are
J
given as
b (7% — kﬂ?)(/\o + 210 — ov3) + Bk—éo
B bolr — ) + Blao + & — oKud)’
g _ ~(00+ 3 — o v + 20 — oof) + B2

+
k? B bo(7* — %) + B(ag + Ii—% — oK*v?)
The potentials given in equations (26) to (29) satisfy boundary conditions (25) if

following relations ( Snell’s law for present problem) hold

sinffp  sinf; sinfh sinfz  sinb, (30)
V1 OT U4 B U1 N (%) N V3 N V4
]{511}1 = kQUQ = ]{531}3 = ]{541}4 (3].)
and
(a) incident P wave
4
D aiZi=0b;, (i=1,2,.,4) (32)
j=1
where
Aj . Bl . .
Z; = a1, (j=1,2,3) and Z; = a1 are reflection coefficients of reflected Py, Py, P

and SV waves, and

blz—l, b2:—1, 63:1, b4:1,

(PP [N — iw*) + 2(p — dwp) (1 — ()% sin® o) — (b — Wb*)i’—jé + 52_22]
(A — iwA*) +2(n — dwp*) cos? g — (b — iwb*) 2 + B3 )

ki

alj =

8



2(p — dwp) 2t 81n90\/1 —(#) 25in? 6,

= (A — 1wA*) + 2(p — iwp*) cos? By — (b — zwb*),’z—% + Z—%’
o 711 2\/1— 2¢in 00—|—ZZ ;o v,z (=123
2 —200890+2Z1 T = J= L9
(0 [1—2( w2 gin 90+ZZ4\/1 2sin 90] L wZ
2, sin Oy (— QCOSHO—HZl) r p— iwp*’
(8)(wpi€ + igzm)y /1 — (%) sin® 6y
as; = — - , (1=1,2,3), azs =0,
5 (wp1C + iq1K) cos Oy U ) as
(= )[(a—zwa )p; + Tq; \/1— 2 5in? 4,
— 1 =1,2,3 =0
CL4] [(Oz—’Lsz )p1+T (h] COS@O (] ) Sy )7 Q44 3
(b) incident SV wave:
4
Y oYy =di, (i=1,2,.,4) (33)
j=1
where
A B,
Y; = B (j=1,2,3) and Y; = 5 are reflection coefficients of reflected Py, Ps, P3
0 0

and SV waves, and,

dy=—1, dy=—1, d3 = 0, dy =0,

(PN = dwd) + 2(p — dwp)[1 = (32)* sin® 6] — (b — iwd*) 3 + 53]

4= (u — dwp*) sin 26, ’
cy = —1,
e&ﬁw‘@mﬁ%”ﬁ (=123
cy; = sin =
2 0 1 —2sin%6, — iZ, cos b, J Y
1 — 2sin? 6y + 2, cos by
Coy =

1—2sin?6y —iZ,cosby’



v . U; . .
C3j = (0_4)(10@1' + le)\/l — (2)?sin® by, (j=1,2,3), c34=0,

J U4
o V4 . * * (% 9 12 . .
C4j - (U_)[(a — o )p] + T QJ] 1 - ('U_) s1n 00a (.] - 17273)7 Cqq = 0
J 4
4. RESULTS

To get an idea about the dependence of amplitude ratios of various reflected waves
on angle of incidence, impedance parameter and other material parameters, the cop-
per is treated as a thermoviscoelastic material with voids. The following physical
constants of copper material are considered
A =7.76 x 10" dyn/em?, = 3.86 x 10" dyn/cm?, 0 = 8.954 gm/cm?3,
¢ = 3.4303 x 10* dyn/cm? °C, b=2x 103 dyn/cm?, a = 1.688 dyn,
B=04x10" dyn/em? °C, & =1.475 dyn/cm?, m = 0.2 x 107 dyn/cm? °C,
k= 0.386 x 10® dyn/s °C, Ty =293 K, K*=1.75 x 107" em?,
and we set

A =0.1dyn s/em?, p*=0.2dyn s/cm? — b*=0.1x 1072 dyn s/cm?,

& = 0.3 dyn s/cm?, a* = 0.1 dyn s, v =0.5x 1077 dyn s/cm?,

7" =0.3 x 1077 dyn/ °C, ¢ =1.5x 10" dyn.
For above values of material parameters, the non-homogeneous systems (32) and
(33) of linear equations in amplitude ratios of reflected waves are solved by using
Fortran program of Gauss elimination method. For incident P1 wave, the amplitude
ratios of reflected waves are plotted against the range 0° < 6y < 90° of angle of inci-
dence in Figure 2 by solid lines, when impedance parameter Z = 0. The amplitude
ratios of reflected P1 wave is 0.98 at 6, = 0° (normal incidence). It decreases to
a value 0.6695 at 6y = 55° and then increases to a value one at 6y = 90° (grazing

incidence). The amplitude ratios of reflected P2 and P3 waves are very smaller
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in comparison to that of P1 wave. The maximum values of the amplitude ratios
of reflected P2 and P3 waves are 0.4841e-05 and 0.4825e-05 at normal incidence.
These reduce to zero at grazing incidence. The amplitude ratios of reflected SV is
0.9742 at normal incidence and it also reduces to zero at grazing incidence. Similar
variations for impedance parameters Z = —5 and Z = 5 are also shown in Figure 2
by dashed line and dashed line with star as center symbols, respectively. The com-
parison of these dashed lines with solid line shows the effect of impedance parameter
at each angle of incidence of P1 wave.

For incident P1 wave, the amplitude ratios of reflected waves are plotted against the
range —20 < Z < 20 of impedance parameter in Figure 3 by dashed line, dashed
line with squares and solid line with stars for 6, = 30°,60° and 90°, respectively.
The comparison of these three variations shows the effect of three different angle of
incidences in a particular range of impedance parameter. It is observed that there
is no impact of impedance at grazing incidence.

For incident SV'1 wave, the amplitude ratios of reflected waves are plotted against
the range 1° < 6y < 45° of angle of incidence in Figure 4 by solid lines, when
impedance parameter Z = 0. Beyond 6y > 45°, a phase change occurs. The am-
plitude ratios of reflected P1 wave is zero at fy = 1° (near normal incidence). It
increases to its maximum value 0.5472 at 6y = 34° and then decreases sharply to its
minimum value zero at 6y = 90° (grazing incidence). In this case also, the amplitude
ratios of reflected P2 and P3 waves are observed very smaller in comparison to that
of P1 wave. The maximum values of the amplitude ratios of reflected P2 and P3
waves are 0.7350e — 04 and 0.7355e — 04 at 6y = 25°. These amplitude ratios of
reflected P2 and P3 waves reduce to zero at 1°and45°. The amplitude ratios of

reflected SV is one at 8 = 1° and it reduces to 0.5416 at 0y = 39° and increases
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sharply to one at 45°. Similar variations for impedance parameters Z = —5 and
Z =5 are also shown in Figure 4 by dashed line and dashed line with star as center
symbols, respectively. The comparison of these dashed lines with solid line shows
the effect of impedance parameter at each angle of incidence of SV wave.

For incident SV wave, the amplitude ratios of reflected waves are plotted against
the range —20 < Z < 20 of impedance parameter in Figure 5 by dashed line, dashed
line with stars and solid line with squares for 6, = 15°,30° and 45°, respectively.
The comparison of these three variations shows the effect of three different angle of
incidences in a particular range of impedance parameter. It is observed that there
is no impact of impedance at 6y = 45°.

5. CONCLUSIONS

Plane waves in a thermoviscoelastic medium with voids is studied in context of Lord
and Shulman theory of generalized thermoelasticity. The solution of specialized gov-
erning equations of medium shows the existence of three coupled longitudinal waves
(P1, P2 and P3) and a shear vertical (SV) wave. The relations between the am-
plitude ratios of various reflected waves are obtained for incidence of both P1 and
SV waves. For a particular material representing the medium, the amplitude ratios
of the reflected waves are computed and plotted against the angle of incidence and
impedance parameter. The numerical discussion of these plots provide some vital
observations:

(i) The introduction of impedance parameter in tangential stress component changes
significantly the amplitude ratios of reflected waves for incidence of both P1 and
SV waves.

(ii) For incident P1 wave, the impedance parameter significantly changes the ampli-

tude ratios of reflected waves at each angle of incidence except grazing incidences.

12



From figure 2, it is also observed that the presence of impedance parameter changes
significantly the amplitude ratios of reflected shear vertical wave at normal incidence
and the amplitude ratios of reflected longitudinal waves remain unaffected at normal
incidence.

(iii) For incident SV wave, the impedance parameter significantly changes the am-
plitude ratios of reflected waves at each angle of incidence except at 0y = 45°. Again
from figure 4, it is also observed that the presence of impedance parameter changes
significantly the amplitude ratios of reflected shear vertical wave at normal incidence
and the amplitude ratios of reflected longitudinal waves remain unaffected at normal
incidence.
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P, or SV

Figurel. Reflection of plane waves at a stress-free surface of a poro-thermo-viscoelastic solid
half-space.
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Summary

1. A problem on the Rayleigh wave at a traction free surface of a general-

ized porothermoelastic solid half-space is considered. The governing equations of
generalized porothermoelastcity are solved for surface wave solutions. The general
solutions satisfying the required radiation conditions are obtained in a half-space of
the material. These solutions satisfy the suitable boundary conditions at the free
surface of the half-space to obtain the secular equation for wave speed of Rayleigh
wave. The wave speed of Rayleigh wave is computed for relevant physical constants
of material to observe the effects of porosity, frequency, thermal relaxation times,
coefficients of thermal expansion and thermoelastic coupling.
2. The governing equations of generalized porothermoelasticity are formulated in
context of Green and Naghdi theory of thermoelasticity without energy dissipa-
tion. A problem on Rayleigh type surface in a generalized porothermoelastic solid
half-space is considered. The governing equations are solved for particular surface
wave solutions satisfying required radiation conditions in the half-space. A secular
equation for Rayleigh wave speed is derived after applying these solutions to rel-
evant boundary conditions at stress free thermally insulated surface of half-space.
The Rayleigh wave speed is computed for relevant physical constants of material
and plotted against various material parameters to observe the effects of porosity,
coefficients of thermal expansion, coefficients of thermoelastic coupling and charac-
teristics of solid and fluid phases.

3. A problem on reflection of plane waves from a plane thermally insulated as



well as isothermal surfaces of a half-space is studied in context of Lord-Shulman
(LS) and Green-Naghdi (GN) theories of generalized thermoelasticity of saturated
porous medium. The mechanical boundary conditions at surface of half-space are
considered as impedance boundary conditions, where the normal and shear force
tractions are assumed to vary linearly with the normal and tangential displacement
components multiplied by the frequency, respectively. The impedance corresponds
to the constants of proportionality. The governing equations are specialized in x-
z plane. The plane wave solution of these equations shows the existence of three
coupled longitudinal waves and a shear vertical wave in a generalized thermoelastic
saturated porous medium. For incident plane wave (longitudinal or shear), four re-
flected waves will propagate in the medium. The appropriate potentials for incident
and reflected waves in a half-space are formulated, which satisfy the required bound-
ary conditions with the help of a Snell’s law. Finally, a non-homogeneous system
of four equations is obtained in the amplitude ratios, where the ratios depend on
material parameters, impedance parameter, angle of incidence, thermal relaxation
and speeds of plane waves. For relevant material parameters, the amplitude ratios
are computed numerically for certain ranges of impedance parameters and the angle
of incidence. For validation purpose, the numerical results are compared with those
without thermal and porous parameters.

4. A phenomenon of reflection of plane waves from a thermally insulated surface
of a solid half-space is studied in context of Lord-Shulman theory of generalized
thermo-viscoelasticity with voids. The governing equations of generalized thermo-
viscoelastic medium with voids are specialized in x-z plane. The plane wave so-
lution of these equations shows the existence of three coupled longitudinal waves

and a shear vertical wave in a generalized thermo-viscoelastic medium with voids.



For incident plane wave (longitudinal or shear), three coupled longitudinal waves
and a shear vertical wave reflect back in the medium. The mechanical boundary
conditions at free surface of solid half-space are considered as impedance boundary
conditions, in which the shear force tractions are assumed to vary linearly with the
tangential displacement components multiplied by the frequency. The impedance
corresponds to the constant of proportionality. The appropriate potentials of in-
cident and reflected waves in the half-space will satisfy the required impedance
boundary conditions. A non-homogeneous system of four equations in the ampli-
tude ratios of reflected waves is obtained. These amplitude ratios are functions of
material parameters, impedance parameter, angle of incidence, thermal relaxation
and speeds of plane waves. Using relevant material parameters for medium, the
amplitude ratios are computed numerically and plotted against certain ranges of
impedance parameter and the angle of incidence.

These theoretical and numerical results may be useful in the detection and study
of underground layers of porous solids saturated with oil or groundwater. Water-
saturated porous medium can be a more realistic seismic model for oceanic bed. At
the ocean bottom, lithosphere is formed by upwelling of hot material at ridges which
spreads around and cools with time. The evidences for thermal-mechanical processes
that control the formation and evolution of thermoelastic lithosphere below oceans
are provided by the seismological observations. Therefore, the applications of this
theoretical and numerical study are geophysical, for example, for the exploration of

the oceanic crust, structural engineering or to hydrocarbon/geothermal processes.



